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Abst rac t - -Th is  paper is concerned with the existence and uniqueness of positive fixed points 
for nonlinear decreasing operators with sublinear perturbation operators in ordered Banach spaces. 
A new fixed-point heorem, without the assumption of compactness and continuity of operators, is 
established, and an iterative sequence yielding the fixed point is also given. In addition, an application 
to nonlinear integral equations is shown. @ 2005 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
AND PREL IMINARIES  
Because of the crucial role played by nonlinear equations in the applied science as well as in 
mathematics, nonlinear functional analysis has been an active area of research, and nonlinear 
operators which arise in the connection with nonlinear differential and integral equations have 
been extensively studied over the past several decades. In recent years, many papers investigated 
noncompact monotone operators in ordered Banach spaces (e.g., increasing operators, decreasing 
operators, etc.), obtained some fixed-point heorems by using partial ordering inequalities, and 
gave some applications to the ordinary differential equations, partial differential equations, and 
integral equations [1-7]. 
However, the results on monotone operators with perturbation are still very few (see [8]). This 
paper uses partial ordering methods, cone theory, and iterative technique to obtain the existence 
and uniqueness of positive fixed points for operator C = A + B in real Banach spaces which are 
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ordered by a normal cone, where A is a decreasing operator and /3 is sublinear. Moreover, we 
don't  require the operator discussed in this paper to be compact and continuous. In addition, we 
show an application to the following nonlinear integral equation, 
fa a~G(t , s ) f (x (s ) )ds=[ l+Gl ( t ) ]x ( t ) -G2( t )x ( t+T) ,  teR ,  (1.1) 1 
where T is a real number, and obtain the existence and uniqueness of positive solutions. 
Throughout his paper, E is a real Banaeh space with norm ]l' ]], 0 is zero in E, and P is a 
cone in E. So, a part ial ly ordered relation in E is given by x > y iff x - y C P. 
DEFINITION 1.1. A cone P is normal if there exists a constant N, such that 
0 < x < y ~ Ilxll ~ NllylI, 
where N is called a normal constant. 
P is solid K i t  contains interior points, i.e., int. P ~ 0. 
DEFINITION 1.2. Let W C E. An operator A W --~ E is said to be a decreasing operator (resp. 
increasing operator) if 
x l  >_ x2 ~ Ax l  <_ Axe (resp. X 1 k X2 -~ Axl  >_ Ax2), 
where x l ,x2 E W. 
DEFINITION 1.3. An operator t3 : E ~ E is ca1ied a sublinear operator if B(sx)  <_ sBx,  x 6 P, 
s>l .  
DEFINITION 1.4. An  operator T : El --+ E2 between two ordered vector spaces is called positive 
(notation: T > O) ifT(P1) C Pe, where PI and P2 are two cones on EI and E2, respectively. 
A semigroup {T(t)}t>o n E is positive i fT ( t )  > O, for all t >> O. 
DEFINITION 1.5. • : E --* R is a sublinear functional i f~  satisfies 
and 
4(x + y) _< 4(x) + 4(y), x, y C E, 
~(~)  = ~,oo(~), ~ • E, ~ >_ o. 
The subdifferential 04~ of • in x E E is defined by 
a~(x)  : {~ ~ E*; (x,¢) - ~(x),  (y,¢) _< ~(y),  V y ~ E}, 
where E* denotes the dual space of E. 
It follows from the Hahn-Banach theorem that 0~(x)  ~ ~, for all x ~ E. 
2. THE F IXED-POINT  THEOREM 
LEMMA 2.1. Let E be a Banach space ordered by a normal cone P with the normal constant N, 
and let D : P --~ P be a decreasing operator on E such that 
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(i) D20 > cDO, where 0 is the zero element o re  and 0 < s < 1. 
(ii) There exists a > 0, such that 
D(tx) < 1 +a(1  -~@ 
- t +a(1  Dz, sDO < z < DO, 
Then, 
E<t<l .  
the operator D has a unique positive fixed point x* in P. 
successively an iterative sequence, 
Xn = Dxn- l ,  
for any initial value xo E P, we have 
n= 1 ,2 , . . . ,  
as 'n ~ +oo.  
PROOF.  Let  
uo =O, u~ = Du,~_l, n= 1 ,2 , . . . .  
Since D : P ~ P is a decreasing operator ,  we show easi ly that  
0 = tt 0 ~ tt 2 ~ ' ' '  ~ tt2n ~ • 
From (i) and (2.3), we see that  
U2n ~ £U2n+l  Tt = 1, 2, . . . .  
Define 
Obviously, 
t,~ = sup{t > O; u2~, _> tu2n+l}, 
U2n > tnU2n+l~ 
It follows fi'om (2.3) and (2.4) that  
Hence, 
U2n+l  ~ ' ' '  ~ U 3 ~ U 1 ~- DO. 
n -- 1,2 , . . . .  
Moreover, 
n=l ,2 , . . . .  
U2(n+l )  ~ U2n ~ tnU2n+l ~ tnU2n+3, n=l ,2 , . . . .  
0 <E <t l  _<t2 <_ " "  _<t,, <_ . . .  _< 1. 
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constructing 
(2.1) 
(2.2) 
(2.3) 
(2.4) 
(2.5) 
n- -  1 ,2 , . . . ,  
This means that  
6, + ~(1 - t,~) 
t~+l  > tn + c~(1 - t~) 
- l+a(1 - tn ) '  
i.e., 
n=l ,2 , . . . .  
n -- 1 ,2 , . . . .  
1 + ~(1 - tn) 
t~ + a(1 - t~) tt2(n+l)' U2n-F3 ~ U2n+l  ~- Du2n < D(tnu2n+l)  _< 
In the following, we prove that  tn --* 1 as n --~ +oo.  In fact, by (ii), (2.3), (2.4) and the 
decreasing proper ty  of D, we have 
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So~ 
I - tn 
1 - tn+ 1 < 1 + et(1 - t ,~)'  n = 1, 2 , . . . .  
For convenience, we set s~ = 1 - t ,  > 0 (n = 1, 2 , . . .  ). Then,  
_ , n = 1, 2 , . . . .  Sn+l ~" "1 "4- OgSn 
Therefore, 
Consequently,  we have 
1 1 
- - _>a+- - ,  n= 1 ,2 , . . . .  
Sn+l  Sn 
0 < 1 - tn+l  = Sn+l  <_ 
a+ 1/s,~ 
1 1 < < 
-- net + 1 /S l  -- net + 1/(1 c) 
1 
< - - ,  n = 1,2, . . . .  
nee 
Hence, s,~ ~ 0 as n --+ +oo,  i.e., t~ --+ 1 as n --+ +oo. 
In addit ion, (2.a) and (2.4) imply that  for all n,p  E N ,  
(2.6) 
0 ~ U2(rt+p ) -- U2n ~ U2n+l  -- tt2n ~ (1 - tn)U2~+l  <_ (1 - t~)DO.  (2.7) 
Since P is normal  and t,~ ~ 1 as n -~ +oo,  {u2~}+~ is a Cauchy sequence. Hence, there exists 
x* E P such that  u2n ~ x* as n --+ +ec .  In combinat ion with (2.3) and (2.7), this implies 
and 
lira u2,~+l = l im u2~ =x*  (2.8) 
n---++oo n--++oo 
u2n_<x* _<u2n+:, n=0,1 , . . . .  (2.9) 
Therefore, 
us(~+l) _< Dx*  <_ u2,~+i, n = 0, 1 , . . . .  
Lett ing n --4 +oo and using (2.8), we conclude that  Dx*  = x*.  This means x* is a posit ive fixed 
point of the operator  D. 
Now, for any initial value x0 E P considering the i terat ive sequence 
xn=Dxn_ l~ n= 1 ,2 , . . . ,  
and using ti le induct ive method,  we have 
U2n ~ X2n ~ U2n--1 n = 1 ,2 , . . . ,  (2.10) 
and 
u2,~ < xsn+i  _< u2,~+i, n = 1 ,2 , . . . .  (2.11) 
By (2.8), we obtain 
IIx. - x* II 0, as +oo .  
Next,  let y* E P ,  y* ¢ x*, and Dy*  = y*. We take Xo = y*, then 
xn  = Dxn-1  - Dnxo  = D'~y * = y*,  n = 1, 2, . . . .  
Not ing that  x,~ --~ x* as n --~ +oo,  we get y* - x*. So, D has exact ly  one fixed point  in P .  
This  ends the proof  of Lemma 2.1. | 
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REMARK 2.2. In Lemma 2.1, we don't assume the operator D to be compact and continuous. 
Lemma 2.1 extends [6, Theorem 3.2.3] since Condition (ii) is weaker than Condition (H2) in [6, 
Theorem 3.2.3]. Moreover, compared with Condition (H2) in [6, Theorem 3.2.2], Condition (ii) 
is required to hold only on an interval [s, 1) for t, not on [e 5, 1), where 6 is a positive real 
number. So, Lemma 2.1 is independent of [6, Theorem 3.2.2]. 
THEOREM 2.3. Let E be a Banach space ordered by a normal cone P with the normal constant N. 
Let A : P ~ P be a decreasing operator on E and B : E -~ E be sublinear, such that 
(a) BAO < 0 and A20 > eAO, where 0 < e < 1; 
(b) ( I  - B) -~ : E ~ E exists and is an increasing operator, where I is the identity operator 
on E; 
(c) there exists some a > 0 such that 
A(tx) < 1 + a(1 - t) 
- 
where c(I  - B) - IAO < x < (I - B)- IAO, ~ <_ t < 1. 
Then operator C = A + B has a unique positive fixed point in P. 
successively an iterative sequence, 
Moreover, constructing 
zn = ( I -  B) - lAx,~_ l ,  n = 1 ,2 , . . . ,  (2.12) 
for any initial value xo E P, we have 
llx - x*ll n (2.13) 
and the following estimation of convergence rate, 
2N 2 
]lx2,~-x*ll < - - I I ( I -B ) - IAOI I ,  n = 3 ,4 , . . . ,  (2.14) 
- 
2N 2 
tlx2,~+1 - x'l] < - - [ ] ( I -  B)-aAOll, n = 2 ,3 , . . . ,  (2.15) 
- 
where N is the normal constant of P. 
PROOF. For convenience ofpresentation, we denote D = ( I -B ) - IA .  By the fact that operator B 
is sublinear, we have 
B0 > 0. (2.16) 
Combining (b) and (2.16) gives 
0 <_ (I - B ) - lo  ~ (.[ - B) - lx ,  x E P. (2.17) 
Consequently, ( I -  B) -1 is a positive operator. Hence, ~(DIp  ) C P. It follows from (b) and the 
decreasing property of A that operator D is decreasing. 
In addition, since B is sublinear, we obtain that for ~- > 1 and 0 < p < 1, 
(I - B)(Tx) > ~-(I - B)(x)  (2.18) 
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and 
where x c P .  
From (a), we have 
Hence, 
( I  - B ) (px)  <_ p ( I  - B ) (x ) ,  
( I  - B)AO >_ AO. 
AO > ( I -  B)-~AO = DO. 
By (2.19),(2.20) and the fact that A is decreasing, we obtain 
ADO > A20 >_ eAO = c ( I -  B ) ( ( I -  B) - IAO)  >_ ( I -  B)(eDO). 
So, 
(I - B ) - IADO >_ sDO, 
D20 > cDO. 
i.e., 
From (c) and (2.18), we can claim that 
(2.19) 
(2.20) 
(2.21) 
u2n >_ U2(n-1) __> tn-lU2n-1, n = 3 ,4 , . . . .  
0 < lt2n_ 1 - lZ2n ~ (1 -- tn_l)U2n_ 1 ~ (1 -- t,~_l)DO, 
Hence,  we  have 
IIx2n-~*ll -< 2N2( 1 t,~-l)[IDOII < 
where (2.6) was used. 
2N 2 
lID011, ~=3,4 , . . . ,  (~ 2)~ 
Arguing similarly as above, we can obtain (2.15) from (2.9) and (2.11). 
Then, the proof is complete. | 
REMARK 2.4. In Theorem 2.3, we don't assume A and B to be compact and continuous. More- 
over, we don't require B to be a positive operator. 
If B is a linear operator we have the following results. 
n=3,4  . . . .  
Therefore, 
From (2.3) and (2.4), it is clear that 
< I + ~(1  - 
D(tz)  - t+a(1 - - -  Dx, (2.22) 
whereED0<x<D0,  E<t<l .  
Consequently, by Lemma 2.1, D has exactly one fixed point x* in P, i.e., 
( I -  B ) - IAx  * = x*. 
Hence, 
Cx* = (A + B)x* = x*. 
This means C - A + B has a unique fixed point x* in P, and for the iterative sequence (2.12), 
we have (2.13). 
In the following, we adopt the same notations as in Lemma 2.1. By (2.9), (2.10) and the fact 
that P is normal, we obtain the following inequalities, 
IIx2,~- x'l[ _< [ lu2~-x2, , l l+l lu2, , -x* l l  < 2NI lu2~_1-  u2~ll , n = 3 ,4 , . . . .  
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COROLLARY 2.5. Let E be a Banach space ordered by a normal cone P with the normai con- 
stant N.  Let A : P ~ P be a decreasing operator on E and B be a/ /near operator on E, such 
that 
(a) IIBII < 1, BAO <_ O; 
(b) there exists some number b >_ 0 such that B + bI > O; 
(c) A satislqes the conditions of Theorem 2.3. 
Then, operator C - A + B has a unique positive fixed point x*. 
PRooF. It is sufficient o prove that the resolvent R(1; B) _> 0. Since B is bounded, it generates 
a uniformly continuous emigroup {T(t)}t>0. Furthermore, we have 
T(t)  = e tB and liT(t)] I ~ e tllBII, for all t _> 0. 
Let coo be the growth bound of {T(t))t_>0. Then, w0 _< Ilsll < 1. In addition, we have 
T(t) = e tB  = e -bt  e t (B+bI )  = e -b t  B + bI) '~ >_ O, 
r~=O 
t_>0. 
This implies {T(t)}t>_o is a positive semigroup. So, R(1; B) _> 0 [9]. 
This completes the proof. I 
COROLLARY 2.6. Let E be a Banach space ordered by a normal and solid cone P. Let A : P ~ P 
be a decreasing operator on E and B : ~D(B) ~ E be a linear (unbounded) operator, such that 
(a) 1 E p(B),  BAO < O, where p(B) is the resolvent set of B; 
(b) there exist u E int. P N ~D(B) and number b >_ 0 such that Bu  <_ 0 and B + bI >_ O; 
(c) A satisfies the conditions tated in Theorem 2.3. 
Then, operator C = A + t3 has a unique fixed point x* in P. 
PROOF. Similarly, we need only to prove that R(1; B) _> 0, i.e., for x E ~(B) ,  ( I  - B )x  >_ 0 
implies x _> 0. Let ~5~(x) = inf{A _> 0 I x _< Au}. Then, 
x <_ 42u(x)u, Vx  E E. (2.23) 
Moreover, dbu is a half-norm on E and 
P = {~ e z I ~( -~)  = o}. 
Therefore, we have 
( -y ,  ¢> <_ ~u( -y )  = o, v¢  ~ a~(x) ,  y c p, 
i.e., (y,¢) _> 0. Hence, ¢ >_ 0 for every ¢ c O~(x) .  
Next, suppose that x is not in P, i.e., cF~(-x) > 0. Then, based on (2.23), we obtain for each 
• u(-x) = <-x,¢> <_ ~u(-x)<u,¢> < ~u(-x)~u(~) = ~( -x ) .  
This implies 
<-x,¢> = ~( -x )<~,  ¢>, ¢ ~ o~u( -x ) .  
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So, (~, ( -x )u  + x,¢} = 0, for all ¢ • Ocb~(-x), i.e., 
(v,¢) = 0, ¢ • 0~( -~) ,  
where v - ~b~(-x)u + x >_ O. By (2.24), ¢ >_ 0 and the fact that By + by >_ O, we have 
(B~, ¢) = (B~ + b~, ¢) _> 0, ¢ c O~ (-x) ,  
i.e., 
(~( -~)B~ + B~, ~/-> 0, 
It follows from (2.25), Bu < O, and Bx < x that 
0_<-e=( - . ) (B~,¢)  _ (B. ,¢)  _< 
¢ • o~( -x ) .  
@, ¢) = - ( -~ ,  ¢) = -~( -~)  < 0. 
This is impossible. So, (I)~(-x) = 0, i.e., x > 0. This proves R(1; B) > 0. 
Then the proof is complete. 
4. AN APPL ICAT ION 
In this section, we consider nonlinear integral equation (1.1), 
f a~ G(t, s ) f (x(s) )  ds = [1 + Gl(t)]x(t) - G2(t)z(t + r), 
1 
t•R ,  
(2.24) 
(2.25) 
PROOF. Let E = UCb(R). We rewrite integral equation (1.1) as 
~a a2 
x(t) = G(t, s ) f (x(s) )  ds + G2(t)x(t + r) - G1 (t)x(t), 
1 
tcR .  
[/? ] o <_ x*(t) <_ a(t ,s)ds f(O), 
l 
tER .  
where 0 < x < g(a2 - al)f(O), (f(g(a2 - a l ) f (O))) / f (O) < ~/ < 1. 
Then, integral equation (1.1) has a unique positive solution x* • UCb(R) and 
f(v~) < 1 + ~(1 - ~) 
- v +~(1  v) f(x), 
where al,  a2 and ~- are real numbers. 
THEOREM 3.1. Let G1, G2 E UCb(R) (the Banach space of a11 bounded uniformly continuous 
functions on R with the supremum norm). Let G(t, s) be uniformly continuous on R x [al, a2], 
f (x )  be decreasing and f (x )  >_ O, for x >_ O. We make the following assumptions. 
(a) There exist g,g~,g2 ¢ R such that 0 <_ G(t,s)  < g, 0 <_ Gi(t)  <_ gl, 0 <_ G2(t) <_ g2, and 
gx + g2 < 1, where t E R and s ¢ [al, a2]. 
(b) G2(t)G(t + r, s) < Gl ( t )a( t ,  s), for all t E R and s • [al, a2]. 
(c) There exists some a > O, such that 
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Define 
jfa a2 
(Ax)(t) = G(t, s ) f (x(s) )  ds, t • R,  
1 
(Bx)(t)  = Ge(t)x(t  + ~-) - Gl(t)x(t) ,  t • R,  
and P = {x • E I x(t) _> 0, Vt E R}. Clearly, P i s  a normal cone in E. It is easy to show 
that operator A : P ~ P is decreasing and satisfies the conditions tated in Theorem 2.3 with 
c = (f(g(a2 - al) f(O)))/ f(O).  
On the other hand, we have for linear operator B, 
ILBII ~ gl  + g2 < 1, 
[I ] (BAO)(t) = (a2( t )G( t  + r, s) - G~(t)a(t, s)) ds f(O) <_ O, 
1 
and ( -BAO)  • E. So, BAO <_ O. In addition, we show easily that B + bI > O, for b _> ool. 
Thus, we obtain the conclusion by Corollary 2.5. 
This ends the proof of Theorem 3.1. I 
REMARK 3.2. In fact, there exist many equations atisfying the above conditions. For instance, 
for the following integral equation, 
j•2 3 arctan t + s 1 1 1+ x(s) ds = g(sint  + 7)x ( t ) -  (cost + 1)x ( t -  1), (3.1) 
letting 
G(t , s )=arc tant+s ,  teR ,  s E [2,3], 
Gl(t) = l ( s in t  + 2), t E R, 
G2(t) = @6(cost ÷ 1), t • R, 
1 
f (x )  - l+x '  x • [0,+oc), 
and making use of Theorem 3.1 with c~ 1/5, one can see that integral equation (3.1) has a 
unique positive solution x* E UCb(R) and 0 <_ x*(t) <_ arctant + 5/2, t E R. 
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